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Abstract

The aim of this paper is to study various properties of j-generalized p - k Mittag-Leffler function.
Mellin-Barnes integral representation of j-generalized p-k Mittag-Lefller Function have been de-
rived. The relationships of j-generalized p-k Mittag-Leffler Function with Fox H-Function and
Wright hypergeometric function also been established.Few well known Integral transforms viz.
Euler transform, Laplace Transform and Mellin transform also obtained. Finally we derive some
particular cases.
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1 Introduction

1.1 Definition
Let z € C;k,p € RT \ {0} and Re(x) > 0,n € N, the p - k Pochhammer Symbol (i.e. Two

Parameter Pochhammer Symbol), ,(z),, 1 defined as

p@ni = OV EE+ )L +20) (4 (0= 1), (1.1)

and two parameters gamma function defined as [9]
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1.2 Definition

For z € C\ kZ™;k,p € R* \ {0} and Re(z) > 0,n € N, the p - k Gamma Function (i.e. Two
Parameter Gamma Function), ,I'x(x) as

1n+1 z
Lr(z) = 1 lim (np)* (1.2)
k n—oco p(«T)n—l—l,k
or " -
1 .. nlp"(np)e—
Ig(xz) = - lim ———— 1.3
P k( ) k n-yoo p(x)n,k ( )
The integral representation of p - k Gamma Function is given by
> —i z—1
Lr(x) = /0 e ptvTdt (1.4)
ps pr @
pLi(z) = (%)ka(x) = ?F(%) (1.5)
p n n x
Also for Generalized p - k Pochhammer Symbol, we have
P \ng ng (T g TTEFT =1
o@D = (B @i = @) (Phg = o0 [T, (17)
r=1
I‘k(ac + nk)
L)y = R T 1.8
P( ) K prk(x) ( )
x
oDr(e + k) = 22 ) Tu(e) (1.9)
np p(2)n-1k = p(T)nk — p(@ = K)nk (1.10)
And
p(@)ntik = p(@)jk X p(€ + 7Kk (1.11)

Gehlot and Bhandari [10], Introduced the j-generalized p- k Mittag-Leffler function, denoted by
pE}5 5(2) and defined for k,p € R* \ {0};a, 8,7 € C/KZ™; Re(a) > 0, Re(B) > 0, Re(y) > 0,
7 € Ng and g > 0. ‘

The j-generelized p - k Mittag-Leffler function denoted by 3E," 5(2) and defined as

: — p(MNmtiyak 2"
i = b ), C. 1.12
pPra,5(?) = pIp(na+ B) (n+ ) € (1.12)

Where p,(7)ng,k is two parameter Pochhammer symbol given by equation (1.1) and , 1} (z) is the
two parameter Gamma function given by equation (1.3).

Wright generalized hypergeometric function [15];

1/} (alaAl)V"?(ap?Ap);z _ et Hf:l F(ai—i-Ain)z" (1‘13)
p¥q (5r.B).... (o By): — ;]-:1 I'(B; + Bin)n!
(al,Al),...,(ap,Ap); ) (1—a1,A1),...,(1—ap,Ap);
pwq z =H 7’p_~_1 —Zz |
(617B1>7"'7(Banq); i (071>7(1_ﬂ1731)7"'7(1_B(qu);
(1.14)
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Where Hp,"[.] denotes the Fox H-function.
Euler Beta transform,[6],

1

BIf(2) : a,b] :/0 11— )P f(2)dz (1.15)

Laplace transform,([7],equation3.1.1),
LIf(2): 5] = /OOO e f(2)dz (1.16)

Mellin transform,([7],equation 4.1.1),
M[f(z):s] = /000 257 f(2)dz = f*(s), Re(s) > 0 (1.17)

then

£ =M (6) ) = [ £ () (118

Notations: Let C,R* = (0,00), Re(),Z~,Np and N be the sets of complex numbers, positive real
numbers, real part of complex number, negative integer, whole number and natural numbers
respectively.

2 Recurrence Relation and Integral Representation of the j-
generalized p - k Mittag-Leffler Function

In this section we evaluate the recurrence relations and integral representations of the j-generalized
p - k Mittag-Leffler function.
Theorem 2.1 For k,p e RT\{0}; a+r,8+s+k,vyeC\kZ; Rla+r)>0,R(B+s+k)>
0,R(y) > 0,9 > 0,5 € Ny, we get
P2
JEIZ gz-l—r ﬁ+s+k( z) — ]EZLW 6+s+2k( z) = 72 [(O‘ + T)Q ? JEIZ g+r ﬂ+s+3k( z)

+{(a+7")2+(04+7")(25+23+2k)2}]Elza+r6+s+3k< )

B+ ) (B+s+2k) LBV, 5. (e )} (2.1)
2
where JE79 (2) = LIEY () and 4579 (2) = L im0 (o)
Pk, dz Pkl ka8 422 Pka,B\7)

Proof: The j-generalized p-k Mittag-Leffler function, from equation (1.12),

o

g _ p(N n+9)a,
pEk,a+T,5+s+k(z) nzz;]pfk(n(aJrr) +B8+s+k)((n+34))

using equation (1.9), we have

; =k N 2T
PRt g (2) = nzo pola(n(atr) 18 T gii?&i)ii) By (22
and
o n
EZ gw Bston(Z) = Z PO ? (2.3)

= plk(n(a+7)+ B8 +s+2k)((n+5))
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using equation (1.9), we can write

jE’Y»q _ p(7)(n+j)q,k z
PPkt rorai(?) nz:;) plr(n(a+7)+ B+ s)((n+j5)!)
k2 1

“Plnla+r)+B+s)Hnla+r) +B+s+k)

i.e.
oo

. k 1 1
PEkangrason(2) = n; Plnlarn+8+s) Wa+n)+drs+h)

« P(’Y)(n-i—j)q,k 2"
plik(n(a+71)+ B+ s)((n+7))

This can be written as

j k. p;
i’ Z,ge+r,,8+s+2k( ) ;[E Ek a+r,ﬂ+s+k( ) S]
where )
p Py,
5= k %Ek a+r, ﬁ+s+k( z) — k %Elz,g+rﬂ+s+2k('z) (2.4)
( )(n+j)q k2"
S = : 2.5
nzop (n(a+7r)+B+s){n(a+r)+B+s+k)}H(n+ 7)) (25)

: . . 1 k 1
applying the simple identity it (0t k) + A

s for u =n(a+7r)+ B+ s+ k to (2.5),we

obtain,

S = i ("H‘J)% % 1
2 Tin a+r+6+s)((n+j)!) Tnla+7) + B+ s+ KHn(a+7) + B+ s+ 2K}

- (N (ntj)g.k 2"
+§pfk(”(0¢+7“) + B+ s){n(a+r)+ B+ s+ 2k)}((n+ 7))

— k{n(a+7) + B8+ stp(Vmjar 2"
Ii(n(a+7r)+ B+ s)((n+ 7))
X{n(a+r)+5+s}{n(a+r)+ﬁ1+s+k}{n(oz+r)+ﬁ+s+2k}
e
X{n(a+r)+6+s}{n(a+r)+B1+s+k}{n(a+r)+ﬁ+s+2k}

using equation (1.9), we arrived at

S =

n=0 P

n=0

i k{n(a+7)+ B+ stV (nijr 2"
=k pTu(n(a+ 1) + B+ s+ 3k)((n + 5)!)

N i {n(a+7r)+ B+ sHn(a+7)+ B+ s+ k}p(V) (nti)gr 2"
%, Ii(n(a+7)+ B+ s+ 3k)((n+ 7))

n=0
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this reduces to
R —

L P(’Y)(nJrj)qk z
S = 2 Tina 1) + B+ s £ IR T 7))

x[n*(a+7)? +2n(a+7)(B+s+k) + (B +5)(B+ s+ 2k)] (2.6)

We now express each summation in the right hand side of (2.6) as follows:

d. g i (n+1) (V) (nt5) gk 2"

2 Presnsrerst ) = 2 R G T B s+ 30 (0 )

] Y,q
Ek Jo, ,8+s+3k( ) + Ek ,o, ,8+s+3k

Z n+1) (v )(n—i—j)qkzn

= plk(n(a+7)+ 845+ 3k)((n+4)!)

(7)(n+‘) k2"
] 4 14, 2.7
ka+7“6+s+3k 7;)29 a T’ 5 +s 3k)((n ])|) ( )

Again,

2 o0

(n 4+ 1) (1 +2) p(V) (), 2"

72 pPrargtsran() 7;) plk(n(a+r)+ B+ 5+ 3k)((n+J)!)

(2.8)

On simplifications
2

=
2
=z ]EIZ o preran(2) T 427 Ek atrgsak(Z) T 27 Ek otrgtstak(?) (2.9)
from equation (2.8) and (2.9), immediately leads to

27

2B srerak(2)]

Z {n*},(v ) (nt)ak 2" 2 j 7 (2)

= E
Lo Ti(n(a+ 1)+ B+ s+3k)((n+J)) P keknitersh

71774
+4z ) E) actrps+3k(Z

SZ {n}p( )nJr] qkz

2 Ti(nla+7r) + B +s+38)((n+ )

using equation (2.7), follows

o0

{77’2}17(7)(71+j)q,k 2"
Z Iiin(a+7r)+ B+ s+ 3k)((n+ 7))

n=0P

2 b k)
=z ]EIZ a+r, ,3+8+3k( ) +z jEIZ a+r, B+s+3k‘( ) (2‘10)
applying equation (2.4), (2.7) and (2.10) to (2.6), we finally arrived at
k?3 2 9 2
p—gs =(a+r1)°z JE,ZgMﬁJFH%( 2)+ [(a+7)*+ (a+r)(2ﬁ+2s+2k)]z

]EIZa+7“ B+s+3k( ) (ﬁ + S)(B + s+ Qk) ]Elzg+r ,B+s+3k( )

Theorem 2.2 For k,p e RT\{0}; a+r,8+s+k,yeC\kZ ; Rla+r)>0,R(B+s+k)>
0,R(y) > 0,9 > 0,5 € Ny, we get

+s+k—1 + P p
/otﬁ . ]EZ§+rﬁ+s(t“ ")dt = kP E +r5+s+k(1) kP E TB+8+2’€(1) (2.11)

Proof: Put z = 1 in equation (2.4) and (2.5), yields

P p ,
S= % Ek a+r,6+s+k(1) k %Eg a+r, 5+s+2k(1)
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= p(’)/)(n+ )q,k
,;)p n(a+r)+ B8+ s){n(a —|—Jr)+5+s+k)}((n+j)!) (2.12)

consider the integral,

A= / t5+s+k 1 jE% (ta—i-r)dt

k,a+r,B+s

using the equation (1.12), gives

- (V) (n+4)q.k ! ~
A= p J)4q, / tn(a+r)+ﬁ+s+k Lt
P e E eI

p(7 )(nﬂ')q,k
4= Z n(a+ 1)+ B+ ){nla+r)+B+s+ RN+

from equation (2.12), we have the desired result.

Theorem 2.3 For k,p € R \ {0};c,8,7,0 € C;R(a) > 0,R(8) > 0,R(y) > 0,R(5) >
0Oand g > 0,7 € Ny then

i 1 ! B_ a
Pﬁ%EZjZ,ng(Z)—F((S)/O uk (1= u) BN (2wl )du (2.13)

Proof : Consider the right side integral and using equation (1.12), we have

e o
AE/ ug_l(l—u)‘s UE;’;{B( u* )du
0 k)

1 o p(V)(n+j)qk z" /1 antf 4 S—1
A= ! - u k 1—u du
T'0) 2= T(na+ A)((n + 7)) Jo (=)

using the definition of Beta function, yields

1 ( )(n+J)q,kz F(anljﬁ)F((s)
4 I(s) ,;)pfk(na +B8)((n+4)) rente 4 5)’

applying equation (1.5), one can write
)

— p pw)(nﬂ')%k 2" _ p5 J g (2)

— pLi(na+ 6+ 0k)((n+ 7)) Pk, 840k

Theorem 2.4 For k,p € RT \ {0}; 8,7 € C;R(B) > 0,R(vy) > 0and a,q > 0,5 € Ny, then

A=

¢ « 1
. A (b)) _ e P
JEY (, :p(’Y)Jq,k / w1 — el (uz )du
p k,ka,ﬂ( ) ka(ﬁ) 21;[1[1;[1 F(ai)F(bl _ai) 0 ( ) 1,5+1 e
(2.14)
Tpgj+i—1 Pii—1
Where a; = % nd b = -t

q
Proof : Using definition of j-generalized p-k Mittag- Leffler function, from equation (1.12),

= (’Y)n j ,kzn
B ) = Yo 2 e

. . Ti(nka+ B)((n + 7))

using relation (1.11),we have

p(Mjak p(V + 50K ngk 2" (V) jak 2"
A= nzop Bnak pLr(B)((n+ 7)) T;)Dpfk(ﬁ)((n—i—j)!) (2.15)
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Where D = P(’y + ]qk)nq,k
p(ﬁ)na,k

using equation (1.6), we have

p(’V + jqk)nq,k _ pn(q_a)(7+lzqk)qn
p(/B)na,k (%)na

using the relation given by equation (1.7), we get

D

_ T+jq+i—1
pla—engan ngl(%)

b= 41
a" [T (55— )n
Y+ jg4i—1 51—
let Z:—k+jQ+Z andblzil”CjL
(a—a)ga 14
b 9" \n (al)n
D=
a” ) HH (bl)n
i=11=1
D= P gt ﬁﬁ I'(ai +n)I'(bi)
a av Pl I'(by+n)I'(a;)
(g—a)

qq n 7 F(bl) F(ai —f—n)F(bl — ai)
) 131;[ bl_az‘)F(@i) F(bl—ai+ai+n)

using the definition of Beta function, immediately gives

(q a) 9 «a 1
D E n HH 1—-. b - a (a) / uai+n—1(1 _ u)bl—ai—ldu (216)
i=11=1 l v ? 0
from equation (2.15) and (2.16), we arrived
] - I'(by) v pla—=a)ga
A= p(ia / u®~ 1 bj—a;—1 "du
PFk(B)HHF(bj—ai)F(ai) 0 Z n+] e

Theorem 2.5 For k,p € RT\ {0};, 8,7 € C; R(a) > 0, R(8) > 0, R(y) >0 and ¢ > 0,5 € Ny
then ,
pid

Y4 () — Xt (3ig-1) § L0
2B (%) = F(V)/O t(x+ia— JE o s(atiph)dt (2.17)

Proof: Using definition of j-generalized p-k Mittag-Leffler function, equation (1.12), written as

g _ p(’Y)(nJrj)q,k 2"
p k,a,,@(z) Z:; pLi(no+ B)((n+ )

using equation (1.5) and (1.6), leads to

EAPEEDY : PG+ g+ )
kBT L Te(na+ B)((n + ) ')
o0 n a(n+j) o0
]qu z ' p / et ¢(FHalnti)=1) iy

aol®) = 2 Rlaa BN+ D T o
i.e.

J g (z) = P /oo et ¢(Ftia- 1)2 G dt

ka8 @) Jo pLe(na+ B)((n+ 7))
and hence,

_— qu 00714714170
%Eléﬁ(@:—) ; et ¢latia )%Ekﬂﬁ(thpq)dt.

Volume 28, Issue 9, 2025 https://kyupeerref.link Page 7



Bulletin of the Kyushu Institute of Technology - Pure and Applied Mathematics || ISSN 1343-8670

3 Integral Transform of the j-generalized P-K Mittag-LefHler
Function

In this section, Mellin-Barnes integral representation of j-generalized p-k Mittag-Leffler function,
relationship with Fox H-function and Wright hypergeometric function have been discussed. The
well known integral transforms viz Euler Beta Transform, Laplace Transform and Mellin Trans-
form of j-generalized p-k Mittag-Leffler function also discussed.

Mellin-Barnes integral representation of the j-generalized p-k Mittag-Leffler func-
tion.

Theorem 3.1 Let k,p € RT\ {0}; Re(a) > 0, Re(83) > 0, Re(y) > 0,andq > 0,j € Ny, then the
j-generalized p-k Mittag-Leffler function is represented by the Mellin-Barnes integral as,

—2pd™ %) "3ds (3.1)

-7 ') r'(1—s)'(L+jq—gs
o kp’ Z)/ (s)1'( (7 + jq q)(

@8 = o r(§—8)r(+j-s)

Where | argz |< m; the contour integration beginning at —ico and ending at +ioco, and indented

to separate the poles of the integrand as s = —n for every n € Ny(to the left) from those at
ol

S =

7" for every n € Ny (to the right).
Proof Using theorem of residues, the right hand side of equation (3.1) written as

I

k:quii) / PP =)LGE+50=95) ga)s,
k

omil( I —apr14j—s)

= 2mi[sum of the residues at the poles s = 0,—1, -2, ...]
Above equation, reduces to

ig—B oo .
PR (o) MGri—e) g
= sinms T+ j - s)0(2 - %)

o I'(%+jq+qn) A

Relationship with Fox H-function
Theorem 3.2 Let k,p € RT \ {0}; Re(a) > 0, Re(B) > 0, Re(y) > 0,andq > 0,5 € Ny then the
j-generalized p-k Mittag-Leffler function is given in the form of Fox H-function as,

kqu—% 19 L a (071)7(1_ %_jQ7Q)7
82 = fz)Hz’?, —zp?F (3:2)
k (071)7(1_%7%)7(_]7 1)a

Proof. Using the equations (3.1) and (1.14), we get the desired result.

-9
k,a

)

J
p

Relationship with Wright hypergeometric function
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Theorem 3.3 Let k,p € RT \ {0}; Re(a) > 0, Re(8) > 0, Re(ry) > 0,andq > 0,j € Ny, then the
j-generalized p-k Mittag-LefHler function is given in the form of Wright hypergeometric function,
as.

fpli—2 LY (F +ig9;
]E;Z’a,ﬂ( z) = T 2 Vs zp?™ (3.3)
(k’ k)(1+j7 1)7

k
Proof. Using the equations (3.1) and (1.13), we get the desired result.

Euler(Beta) Transform, Laplace Transform and Mellin Transform of j-generalized
p-k Mittag-Leffler function

Theorem 3.4 Let k,p € R\ {0}; a,b,0 € C; Re(a) > 0, Re(8) > 0, Re() > 0, Re(c) > 0 and
g > 0,7 € Ny, then Euler Beta Transform of j-generalized p-k Mittag-Leffler function, is given
by,

1 - (11),( + 7. 0). (@, 0);
et ot s = B it | (34)
’ g (% %), (144, 1), (a+b,0);

Proof Consider, the left side integral and using equation (3.4), we have

1
IZ/O PR ) L IJEIZ;][,,B( 7)dz

1
(n+J q:k z" / on+a—1 b—1
= z 1—=z dz,
Z Fkna+ﬁ (n+ )" Jo ( )

using definition of Beta function, we obtain

A= n+jqk B b
Z Fk na—i—ﬁ (n+j)! (on +a,b)

using equation (1.5),(1.6) and (1.13), gives (3.4)
Theorem 3.5 The Laplace transform of j-generalizedp-k Mittag-LefHer function, is given by,

. 1.1). (2 ; .
o a—1 —ZSJ v,q o k‘p]q_% s @ ( ’ )7(k +QJ>Q),(Z)£Z%,
/0 z Ek; a,ﬂ(xz )dZ = T%) 3¢2 = (35)

(2,2)1+5,1);

Where k,p € Rt \ {0}; a,0 € C; Re(a) > 0, Re(B3) > 0, Re(y) > 0, Re(c) > 0 and ¢ > 0,j € Ny,
and | % [< L.
Proof Con51der the right side integral and using equation(1.12), we have

o0
IE/O 21 723]Egg,6(aszg)dz

_ > p('y)(n-i-j)q,k: " /oo ZTLO"FU«*]- e %5dz
= 2 Ti(na+58) (n+J)

using definition of gamma function, yields

A

—a — p(r)/)(n+j)q7k T .
S ;pfk(na A gl entals)
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using equation (1.5),(1.6) and (1.13), arrived at (3.5)
Theorem 3.6 The Mellin transform of j-generalized p-k Mittag-Leffler function, is given by,

kpU=ET(s) P(1— 8) T(X + qj — gs) pF
rE—a)r)ri+j—s w

|t s - ¥ (36)
Where k,p € Rt \ {0}; a,0 € C; Re(a) > 0, Re(B) > 0, Re(y) > 0, Re(s) > 0 and ¢ > 0, j € Ny.
Proof Putting z = -wt in equation (3.1), we have

JEL y(ut) = () ds

I'(s)I'(1 = s)I'(F + jqg — q)
i,

this can be written as
i Y54 _
%Ek7a75(—wt) =

where,

using equation (1.17),(1.18) and (3.7), immediately leads to (3.9).
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