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ABSTRACT
A graph G with N vertices is said to admit prime labeling if its vertices can be labeled with distinct positive integers
not exceeding n such that the labels of each pair of adjacent vertices are relatively prime. A graph G which admits
prime labeling is called a prime graph. In this paper we prove that the duplicate graph of the path P, wheren > 2, the

duplicate graph of cycle C,wheren >3, the duplicate graph of star S, wheren>3, the duplicate graph of double
star DS,  wheren>2, the duplicate graph of comb graph Ch wheren > 2, and the duplicate graph of bistar graph
B, , for all integers n>2 are prime labeling.
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l. INTRODUCTION

The concept of graph labeling was introduced by Rosa in 1967[4]. A graph labeling is an assignment of integers to
the vertices or edges or both subject to certain condition(s). If the domain of the mapping is the set of vertices (or
edges), then the labeling is called a vertex labeling (or edge labeling). In the intervening years various labeling of
graphs have been investigated in over 2000 papers. The notion of prime labeling graph was introduced by Roger

Entringer and was discussed in a paper by tout [11]. Fu and Huang [ 3] proved that R and K1v"are prime graphs.

Lee et al [5 ] proved that W, is a prime graph if and only if Nis even. Deretsky et al [2] proved that G is a prime

graph. Meena and Kavitha proved the prime labeling for some butterfly related graph and also investigated the
prime labeling of duplication of some star related graphs [6] [7].

The concept of duplicate graph was introduced by E. Sampathkumar and he proved many result on it [ 8]. K.

Thirusangu, P.P. Ulaganathan and B. Selvam have proved that the duplicate graph of a path graph P is cordial[9].
K. Thirusangu, P.P Ulaganathan and P. Vijayakumar proved that the duplicate graph of ladder graph is cordial, total
cordial and prime cordial [10 ].In this paper we consider only simple finite, Undirected and nontrivial graph

G=(V(G).E@G) with the vertex set V(©) and the edge set E(@) . The set of vertices adjacent to a vertex Uof G
is denoted by N(u) . For notation and terminology we refer to Bondy and Murthy [ 1].

Il.  PRELIMINARIES

Definition 2.1A graph labeling is an assignment of integers to the vertices or edges or both subject to the certain
condition(s). If the domain of the mapping is the set of vertices (or edges), then the labeling is called a vertex
labeling (or an edge labeling).

f:v-o>{,23.n}

Definition 2.2 A prime labeling of a graph © of order Nis an injective function such that for

every pair of adjacent vertices U andV , 9°4(F (). (V) =1 e granh which admits prime labeling is called prime
graph.
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Definition 2.3 Let G(V.E) be a simple graph. A duplicate graph of Gis DG =M. E) where the vertex set
_ 1 1_ . 1 _\y1

Vi =VV and Vv _¢and f:v -V fv)=v ) and the edge set Elof DG s

E

is bijective (for V€V | we write

defined as: The edge UV isin E if and only if both UV and U'V are edges in

Definition 2.4Double star DS, is a tree Klv”v”obtained from the star Kin by adding the new pendant edge of the

existing N pendant vertices. It has 2N +Lvertices and 2N edges.

Definition 2.5The comb Con is obtained from a path R by attaching a pendant edge at each vertex of the path R :

Definition 2.6Abistar Bu is a graph obtained from K, by joining n pendant edges to each end of KZ. The edge K,

. B . . B
is called the central edge of ™" and the vertices of K, are called the central vertices of "

Bertrand's Postulate 2.7For every positive integer N >1there is a prime Psuch that "< P< 2n.
In this paper we prove that the duplicate graph of the path R Wherenzz’the duplicate graph of cycle

C,wheren>3 S, wheren>3 DS, , wheren > 2, the

" the duplicate graph of star ' the duplicate graph of double star

n=2

duplicate graph of comb graph Ch, where ' and the duplicate graph ofbistar graph annwhere N=2 are prime

labeling.

1. MAIN RESULTS

Theorem 3.1 The duplicate graph of path P for all integers M= 2 isprime.

Proof
Let V(R,) ={v,/1<i<n} and E(R,)={vv.,/1<i<n-1}

i+l

1,1 ,,1
(VT2 AR VAR Vo Vi Ve

1
Let G be the duplicate graph of path Py and let Vo be the new vertices and the edges are

1 1 1 1
€85 8500801, 8,85, 85,000 8y respectively.
ThenV (G) ={v,,v; /1<i<n}

E(G)={vVv. /1<i<n-Tyu{vv,, /1<i<n-1}

[ R i+l

Now V@) =20 [E@) =2(n-1)

f:V(G) >{L23,...,2n}

Define a labeling as follows

1,3,5,...,n—1forn iseven
or

Ietf(vi)=| if 1= 13,5,...,n
2,4,6,...,n for'n'iseven
or

f(VI):n+| |f|: 2,4,6,,“—1
13,5,...,n—=1forn iseven
or

f(vil):n+i ifi = 11435,...,n
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2,4,6,...,n for'n'iseven

or
f(v)=i ifi= 2,4,6,..,.n-1
Clearly all the labels are distinct.
For any edge &= % <G,
13,5,...,n—=1forn iseven
or
ged(f(v,), f(vi,,)) =gcd(i,i+1) ifi = 435,..,n-2

=1 Since the labels are consecutive integers.
2,4,6,...,n—2 for'n' iseven

or
ged(f (v,), f(v,)) =gcd(n+i,n+i+1) ifi = 12,4,6,..,n-1
=1 Since the labels are consecutive integers.

_ L
For any edge & = Vi%in €G

1,3,5,...,n—-1forn iseven
or
gcd(f(vil), f(v,,))=gcd(n+i,n+i+1) ifi = 113,5,...,.n-2

=1 Since the labels are consecutive integers.
2,4,6,..,n—2 for'n" iseven
or
ged(f(v), f(v,,,)) =gcd(i,i+1) ifi = (2,4,6,..,n-1

=1Since they are all consecutive positive integers.

Thus f

Hence duplicate graph of path i is a prime graph.

admits prime labeling.

Theorem 3.2 The duplicate graph of cycle G for all integers =3 is a prime graph.

Proof
Let V(G)={v,/1<i<n}
E@G)={vv,,/1<i<n-Tu{vv,}.

[ R

Let G be the duplicate graph obtained by duplicate the cycle G .
Let Vy, Vo, Vg, ooy Vi, Vi, Vi, Ve, Ve and Er€2:83-0 80 e,€;,65,...,€

C.

1
n respectively be the new set of vertices and edges

of the duplicate graph of cycle
Then V(G) ={v,v; /1<i<n}

E(G) = {vivi1 /1<i< n—l}u{vlvﬁ}u{vllvh1 11<i< n—1}u{v3vn}.
Now V@) =2n and E(G)=2n

f:V(G)—>{123,..,2n}

Define a labeling as follows.
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1,3,5,...,n-1forn iseven
or
Let f(v)=i+1 if i=1L35,..,n
2,4,6,...,n—2 forn iseven
or
f(v)=n+i+l ifl = (24.6..,n-1
If 'n'iseventhen f (v,) =1.

{1,3,5,...,n1 forn iseven

or

f(v)=n+i+l ifi = (135,..,n-2
2,4,6,...,n forn iseven
or

f(v)=i+1 el = (24.6..n-1

If 'n*isodd then f (v}) =1.
Clearly vertex label are distinct.

For any edge © = vV, €E(G) ,
1,3,5,...,n=1forn iseven
or

ged(f (v,), f(v,)) =gcd(i +1i+2) ifi =11435,...,n-2

=1Since they are consecutive integers.
2,4,6,..,n—2 for'n" iseven
or
ged(f(v,), f(v,)) =gcd(n+i+1n+i+2) ifi = 12,4,6,..,n-1

=1 Since these are consecutive integers.

For any edge €= Vilv”l €G ,
1,3,5,...,n=3 forn iseven
or

ged(f (v}), f(v,.,)) =gcd(n+i+1n+i+2) ifi = (135,02

=1Since they are consecutive positive integers.
2,4,6,....,n—2 for'n' iseven
or

ged(f (), f(v,,,)) =gcd(i +1i+2) ifi = 12,4,6,..,n-1

=1 Since the vertex labels are consecutive integers.

]
For any edge =% €G

ged(f (v,), T (V1)) = ged(2, odd) =1

and for any edge €~ WV €G 15N’ is even then 96A(T (), (V) =ged(n+i+1D =1

ISSN 1343-867033

[} 1 = 1 1) =
Similarly If N is odd then ged(f (), F(v,)) =ged(n+i+1n-+i) _1. Since both are consecutive integers.

f

Now ' admits prime labeling. Hence G is the prime graph.

S

Theorem 3.3 The duplicate graph of star > for all integers N =3 is a prime graph.
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Proof
Let V(S0 ={v;/0<i<n} and E(S,) ={v,V, /1<i Sn}.

1

1 1
t VorVirs Vo VoV e the new  vertices and

LetG be the duplicate graph of the star> and le

1 A1 1

€808 60 6 be the new edges of the duplicate graph of star Sn.
=lv. v}1\0<i<

ThenV(G) {v,,v,\O_l_n},

E(G) = {vovi \1<i<n}u{vv \1<i<n}.

V(G)|=2(n+1) andlE(G)lZzn.

Then
Define the labeling FV(G) > {1.23...2n+1); as follows
Let f(v)=2i+1 if 1=0,1,2,3,..n
f(v)=2i+2 if 1=0,1,2,3,..n
Clearly all the labels are distinct.
_ 1
For any edge € =Vo%i €G
ged(f (v,), f(v)) =gcd(l, 2(i +12)) if1=123..n
=1

1
and for any edge € ="' €G:
god(f (), f (v) =ged(2,2i +1)  ¢i=12,3,..n
=gcd(2,0dd) ifi:1,2,3,...n
=1

Thus f

Hence the duplicate graph of the star

admits prime labeling.

Siisa prime graph.

Theorem 3.4 The duplicate graph of double star DS, for all integers "= 2 s a prime graph.

Proof
Let V(OS,,) ={v,/0<i<2n}
E(DS,,) ={vV /1<i<n}u{vy,, /1<i<n}

in+i

Let G be the duplicate graph of double star DSininz2,

1,1 1.1 1
Vo VoigseesVans Vou Vi ooy VoV, v

n+1'+ Y2n gand

n+11°t"

So we get Vor Vi
1 A1 1
€,€,,.0€,,8, 1, €, L 60 e 0

of double star DS .

Now V@) = {wvi /0<i<2n|

1 1
ni1re €20 respectively be the new set of vertices and edgesof the duplicate graph

and
E(G) ={vovi1/1s i< n}u{v(l,vi /1<i< n}u{v.v1 11<i< n}u{vilvn+i /1<i< n} then|\/(G)| =4n+2_

I n+l

[EG)|=4n
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f:V(G)—>{123..4n+2}

Define the labeling as follows
Let T(W)=2i+1 if1=0.1,2,3,..2n
f(vg)=2
f(v})=2n+2(i+2) i§1=12,3,..n
f(v)=2>i+1)-2n if1=n+Ln+2,n+3,..2n
Clearly all the labels are distinct.
1
For any edge € ="o"i €C
ged( f (vy), F(v)) =ged(@ f(v;)) =1 ifi=123,.n
Nt
For any edge &~ Yo% €
ged(f(vg), f(v,)) =gcd(2,f(v,)) ifi =1,2,3,..n
=gcd(2,0dd) ifi =1,2,3,..n
=1
oyl
For any edge &~ ViV« €6
ged(f(v,), f(v,,)) =gcd(2i +1,2i +2) ifi=123,.n

=1since the vertex labels are consecutive integers.
L

For any edge & = ViVni €G

ged(f (v)), f(v,..)) =ged(@n+2(i+1),2n+2i+1)  i=123,.n

=1 Since they are consecutive positive integers.

Thus f

n+i

admits prime labeling.

Hence the duplicate graph of double star DS, is a prime graph.

Theorem 3.5 The duplicate graph of comb grap hfor all integers N=2 is a prime graph.

Proof
LotV (CD.) = {v;/11<i<2n}

E(Cb,) ={vv,,/i=13..2n-1U{vv,,/i=135,..,2n-3}

Let G be the duplicate graph of comb graph Cb, for all integers N= 2.
1,1 1 1 A1 1

Now VarVarsVans VisVareiVan gng €020 €anas €1:€20-0 €21 pagpactively be the new set of vertices and edgesof
the duplicate graph of comb Cb, .

=lv V/1<i<
Then V(G) {v,,vI /1_|_2n} and

i+l ii+2
ufwvi,/i=2,4,6,..,2n}
V(G)|=4n and|E(G)| =4n-2

E(G) ={vv;, /i=135,...2n-1} U{wV},, [i=135,..,2n-3} U{vv}, /i=357,..2n-1}

Now

f:V(G) - {1,23,...,4n}

Define the labeling as follows
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f(Vys) = 4i-3

f(v,_,)=2(2i+n—1)

f(v,,)=4i+2n-1

f(v,) = 4i

f(v;_,)=4i+2n-3

(V) =42

f(vl,)=4i-1

f(v;;)=4i+2n

Clearly all the labels are distinct.

_ 1
For any edge &= Vai-Va2 €C

Volume 26, Issue 1, 2023

ifl =

ifl =

ifl =

ifl =

ifl =

ifl =

ifl =

1, 2,3,...,2 forn iseven

or
n+1

123,..,
2

1, 2,3,...,2 forn iseven
or

123, M+
2

1 2,3,...,2 for n iseven

or

(AN

I

~ ‘

1, 2,3,...,2 forn iseven

or

[

12,302

~ ‘

1, 2,3,...,2 for n iseven

or

n+1

123,..,
2

1, 2,3,...,2 for n iseven

or
n+1

12,3,..,
2

1,2,3,...,% forn iseven
or
n-1

123,..,—
2

1,2,3,...,% for n iseven
or

12,3,..,—
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1,2,3,...,% forn iseven

123 n+1
ged(f (v, 5), f(Vzltifz)):ng(4i_3v4i_2) ifi = )

=1 Since the vertex labels are consecutive integers.
1
=V, 3V, €6 ,

For any edge

1,2,3,...,% forn iseven

ged(f (v, o), T () =ged(@i-3,4i-) = | 22375

=1 Since these are consecutive odd integers.
_ 1
For any edge & = Vei-sVais €G |

2,3,4,...,2 forn iseven

or
n+1
. . . 2,3,4,...,
ged(f (vy ), f (Vzlufs)) =gcd(4i —3,4i -5) ifl = 2
=1 Since these are also consecutive odd numbers.
_ 1
For any edge & = Vai-2Vais €CG |
1,2,3,...,% forn iseven
or
123 n+1
ged( f (v, ,), (V5 ) =gcd(2n+4i—2,2n+4i - 3) ifi = B
=1 Since these are consecutive integers.
_ 1
For any edge & = Va1Vais €C |
1,2,3,...,% for n iseven
or
n—-1
1 - . . 1,2,3,..,——
ged(f(vi0), F(vyi5)) =9cd(2n+4i-1,2n+4i-3) i = 2
=1 Since the labels are consecutive odd integers.
_ 1
For any edge & = Vai1Vai €G
1,2,3,...,% forn iseven
or
123 n__l
ged( f (v,;,), T (V) =gcd(2n+4i -1, 2n+4i) ifi = g

=1 Since these are consecutive integers.
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_ 1
For any edge ® = Va1Vaia €G
n-—2 .
1,2,3,..., 5 forn iseven
or
n-1
1 - . ) 12,3,..,——
ged(f (Vyiy), F(Vyn)) =9cd(@n+4i-12n+4i+1) i = 2

=1 Since the vertex labels are consecutive odd integers.

And for any edge & = VoVy; €G ,
1,2,3,...,% forn iseven
or

ged(f (v,)), £ (v 1)) = god(4i, 4i -1) d=Llh 23,057

=1 Since these are all consecutive integers.

Thus f admits prime labeling.

Hence G is prime graph.

Theorem 3.6 The duplicate graph of the bistar graph B for all integers " =2 is a prime graph.

Proof

Let Y (Bin) ={Vy,Up,V; /1<i <2n}
E(B,,) ={Vov; /1<i<n}u{uy, /n+1<i<2n} U{uyy,}

Let G be the duplicate graph of bistar Bunfor all integers N> 2.
Vg, Uy Vg, Vs eoey Vi, Vo, U, Vi, Vg

Now let

and edges of the duplicate graph of bistar B
V(G) ={Uo,u§,,vi,vi1/0§ i< 2n}

Then
_ 1 - 1 f 1 - 1 H 1 1

and E(G) _{vovi /11<i< n} u{vovi /1<i< n} u{uovi In+1<i< Zn} u{uovi In+1<i< 2n} u{vouo} u{vouo}
Here|V(G)| = 4n+4and |E(G)| =4n+2 _

Case (i)

Define the labeling F:V(G) > {123, 4n+ 4} as follows

f(v)=2i+1 ifi:0,1,2,...n

flu)=p
where P is the largest prime less than or equal to 4(n+1)_

According to Bertrands Postulate such a prime exist with 2n+) <p<4(n+l)

. p_3
f(v,)=2i+1 if|—n+1,n+2,n+3,...T

_p-1p+1
f(v)=2i+3 ifl_T’T’""zn
f(vy)=2
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f(up) =4

f(v)=2i+4 ifi=12,..2n
Case(ii)

If P =41%3 then we define the labeling FiV(G) > {1.23...4n+ 4} as follows
f (uo) =p
and f(v,)=2i+1 if1=012..2n
f(vi)=2

f () =4

f(v')=2i+4 ifi=12,..2n
Clearly all the labels are distinct.

For any edge & = VoVi €G ,

ged(f(v,), f(v)) =ged(d, 2i +4) ifi=12,..n
=1

For any edge © = Yol € G,

ged(f (vp), f (ug)) =ged(1,4) =1
For any edge © = VoV; € G,

ged(f (v3), f(v,)) =gcd(2,2i+1) ifi=1,2,...n

=gcd(2,0dd) =1

A
For any edge & = Vot €G.

ged(f (v), f(u,)) =ged(2, p) =1

_ 1
For any edge & =YV €G.

ged(f (up), f(v)) = ged(p, 2i +4)
=1

And for any edge € = UV, €6,
ged(f (Ug), T (v;)) =ged(4, f ()
=gcd(4,0dd)

=1,

Thus f admits prime labeling.
Hence G is prime graph.

IV. CONCLUSION

ifi=n+1,n+2,n+3,...2n

ifi=n+1,n+2,n+3,...2n

Here we investigate six corresponding results on prime labeling analogues work can be carried out for other families

also.
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